Abstract. We show that Cannon-Thurston maps exist for degenerate free groups without parabolics, i.e. for handlebody groups. Combining these techniques with earlier work proving the existence of Cannon-Thurston maps for surface groups, we show that Cannon-Thurston maps exist for arbitrary finitely generated Kleinian groups, proving a conjecture of McMullen. We also show that point pre-images under Cannon-Thurston maps for degenerate free groups without parabolics correspond to end-points of leaves of an ending lamination in the Masur domain, whenever a point has more than one pre-image. This proves a conjecture of Otal. We also prove a similar result for point pre-images under Cannon-Thurston maps for arbitrary finitely generated Kleinian groups.
Introduction
In [28] we showed that simply or doubly degenerate surface Kleinian groups without accidental parabolics admit Cannon-Thurston maps, answering affirmatively a question of Cannon and Thurston (Section 6 of [8] [9] ). In [29] we had shown that point pre-images of the Cannon-Thurston map for simply or doubly degenerate groups without parabolics correspond to endpoints of leaves of ending laminations whenever a point has more than one pre-image. The main aim of this paper is to apply the techniques developed in [28] and the result of [29] to extend these results to arbitrary finitely generated Kleinian groups. This completes the project starting with [28] and proceeding through [29] , [10] , [11] .
The principal new ingredient is a proof of the existence of Cannon-Thurston maps for degenerate handlebody groups without parabolics. 1 The following is the main new ingredient of this paper.
Theorem 4.5 Let G be a finitely generated free degenerate Kleinian group without parabolics. Let i : Γ G → H 3 be the natural identification of a Cayley graph of G with the orbit of a point in H 3 . Then i extends continuously to a mapî : Γ G → D 3 . Let ∂i denote the restriction ofî to the boundary ∂Γ of Γ. Then ∂i(a) = ∂i(b) for a = b ∈ ∂Γ if and only if a, b are either ideal end-points of a leaf of an ending lamination of G, or ideal boundary points of a complementary ideal polygon.
A crucial idea in the proof of the existence of the Cannon-Thurston mapî in Theorem 4.5 goes back to Miyachi [27] in the case of bounded geometry. The proof of Theorem 4.5 generalizes with some modifications to arbitrary finitely generated Kleinian groups.
Theorems 3.19 and 4.6 Let G be a finitely generated Kleinian group. Let i : Γ G → H 3 be the natural identification of a Cayley graph of G with the orbit of a point in H 3 . Then i extends continuously to a mapî : Γ G → D 3 , where Γ G denotes the (relative) hyperbolic compactification of Γ G . Let ∂i denote the restriction ofî to the boundary ∂Γ G of Γ G .
Let E be a degenerate end of N h = H 3 /G and E a lift of E to N h and let M gf be an augmented Scott core of N h . Then the ending lamination L E for the end E lifts to a lamination on M gf ∩ E. Each such lift L of the ending lamination of a degenerate end defines a relation R L on the (Gromov) Hyperbolic boundary ∂ M gf (equal to the relative hyperbolic boundary ∂Γ G of Γ G ), given by aR L b iff a, b are end-points of a leaf of L. Let {R i } i be the entire collection of relations on ∂ M gf obtained this way. Let R be the transitive closure of the union i R i . Then ∂i(a) = ∂i(b) iff aRb.
Theorem 3.19 gives an affirmative answer to a conjecture of McMullen [22] and Theorem 4.5 gives an affirmative answer to a conjecture of Otal [33] .
For ease of exposition, throughout this paper, we shall often first work out the problem for free groups and then indicate the generalization to arbitrary finitely generated Kleinian groups. Acknowledgments: I am grateful to Jean-Pierre Otal for suggesting the problem of finding point pre-images of the Cannon-Thurston map for handlebodies; and for giving me a copy of his thesis [33] , where the structure of Cannon-Thurston maps for handlebody groups is conjectured. I would also like to thank the referee for several suggestions and corrections. This work is partly supported by a CEFIPRA Indo-French Research grant 4301-1.
1.1. Relative Hyperbolicity. We refer the reader to Farb [12] for terminology and details on relative hyperbolicity and electric geometry. Definition 1.1. Given a metric space (X, d X ) and a collection H of subsets, let E(X, H) = X H∈H (H × [0, 2 ] is declared to be isometric to the interval [0, 1 2 ] and H × { 1 2 } is equipped with the zero metric. E(X, H) is given a path pseudo-metric as follows.
Only such paths in E(X, H) are allowed whose intersection with any {h} × (0 ,   1 2 ) is either all of {h} × (0, 1 2 ) or is empty. The distance between two points in E(X, H) is the infimum of lengths of such allowable paths.
The resulting pseudo-metric space E(X, H) is the electric space associated to X and the collection H. We shall say that E(X, H) is constructed from X by electrocuting the collection H and the induced pseudo-metric d e will be called the electric metric. If E(X, H) is (Gromov) hyperbolic, we say that X is weakly hyperbolic relative to H.
Note that since E(X, H) = X H∈H (H × [0, 1 2 ]), X can be naturally identified with a subspace of E(X, H). Paths in (X, d X ) can therefore be regarded as paths in E(X, H), but are very far from being quasi-isometrically embedded in general.
A collection H of subsets of (X, d X ) is said to be D-separated if d X (H 1 , H 2 ) ≥ D for all H 1 , H 2 ∈ H; H 1 = H 2 . D-separatedness is only a technical restriction as the collection {H × { 1 2 } : H ∈ H} is 1-separated in E(X, H). Definition 1.2. Given a collection H of C-quasiconvex, D-separated sets in a (Gromov) hyperbolic metric space (X, d X ) we shall say that a geodesic (resp. quasigeodesic) γ is a geodesic (resp. quasigeodesic) without backtracking if γ does not return to H after leaving it, for any H ∈ H. There is a distinguished collection of 1-separated subsets of E(X, H) given by {H × { 1 2 } : H ∈ H}. An electric quasigeodesic without backtracking in E(X, H) is an electric quasigeodesic that does not return to H × { 1 2 } after leaving it, for any H ∈ H.
Notation: For any pseudo metric space (Z, ρ) and A ⊂ Z, we shall use the notation N R (A, ρ) = {x ∈ Z : ρ(x, A) ≤ R} as for metric spaces. [18] ; [2] ) Given δ, C there exists ∆ such that if (X, d X ) is a δ-hyperbolic metric space with a collection H of C-quasiconvex sets. then, Electric quasi-geodesics electrically track (Gromov) hyperbolic geodesics: For all P > 0, there exists K > 0 such that if β is any electric P -quasigeodesic from x to y, and γ is a geodesic in (X,
2) Relative Hyperbolicity: X is weakly hyperbolic relative to H. E(X, H) is ∆-hyperbolic.
Note that we do not need D-separatedness in the hypothesis of Lemma 1.3. Let (X, d X ) be a δ-hyperbolic metric space, and H a family of C-quasiconvex, collection of subsets. Let α = [a, b] be a geodesic in (X, d X ) and β an electric Pquasigeodesic without backtracking in E(X, H) joining a, b. Order from the left the collection of maximal subsegments of β contained entirely in some H ×{ [18] , also see Lemma 3.10 of [30] ) Given δ, C, P there exists C 3 such that the following holds: Let (X, d X ) be a δ-hyperbolic metric space and H a family of C-quasiconvex subsets. Let (X, d e ) denote the electric space obtained by electrocuting elements of H. Then, if α, β q denote respectively a (Gromov) hyperbolic geodesic and an electro-ambient P -quasigeodesic with the same end-points, then α lies in a (Gromov hyperbolic d X −) C 3 neighborhood of β q .
Two paths β, γ in (X, d X ) with the same endpoints are said to have similar intersection patterns with H if there exists ǫ > 0, depending only on (X, H), such that:
• Similar Intersection Patterns 1: If precisely one of {β, γ} meets some H ∈ H, then the d X -distance from the entry point to the exit point is at most D.
• Similar Intersection Patterns 2: If both {β, γ} meet some H ∈ H, then the distance from the entry point of β to that of γ is at most D, and similarly for the exit points.
Definition 1.5. [12] Suppose that X is weakly hyperbolic relative to H. Suppose that any two electric quasigeodesics without backtracking and with the same endpoints have similar intersection patterns with respect to the collection {H × 1 2 : H ∈ H}. Then (X, H) is said to satisfy bounded penetration and X is said to be strongly hyperbolic relative to H.
The next condition ensures that (X, H) is strongly hyperbolic relative to H. Definition 1.6. A collection H of uniformly C-quasiconvex sets in a δ-hyperbolic metric space X is said to be mutually D-cobounded if for all H i , H j ∈ H, π i (H j ) has diameter less than D, where π i denotes a nearest point projection of X onto H i . A collection is mutually cobounded if it is mutually D-cobounded for some D.
Lemma 1.7.
[28] Let Xbe a hyperbolic metric space and H a collection of ǫ neighborhoods of mutually cobounded quasiconvex sets; then any electro-ambient quasigeodesic is a quasigeodesic in X.
Partial Electrocution
Let M be a (not necessarily simply connected) convex hyperbolic 3-manifold with a neighborhood of the cusps excised. Then each boundary component of M is of the form σ × P , where P is either an interval or a circle, and σ is a horocycle of some fixed length e 0 . In the universal cover M , if we excise (open) horoballs, we are left with a manifold whose boundaries are flat horospheres of the form σ ×P . Note thatP = P if P is an interval, and R if P is a circle (the case for a (Z + Z)-cusp ).
Let Y be a convex simply connected hyperbolic 3-manifold. Let B denote a collection of horoballs. Let X denote Y minus the interior of the horoballs in B. Let H denote the collection of boundary horospheres. Then each H ∈ H with the induced metric is isometric to a Euclidean product E 1 × L for an interval L ⊂ R. Here E 1 denotes Euclidean 1-space. Partially electrocute each H by giving it the product of the zero metric with the Euclidean metric, i.e. on E 1 put the zero metric and on L put the Euclidean metric. The resulting space is essentially what one would get (in the spirit of [12] ) by gluing to each H the mapping cylinder of the projection of H onto the L-factor. Let d pel denote the partially electrocuted pseudometric on X.
The above construction can be done in the base manifold M itself by equipping the boundary component σ × P with the product of a zero metric in the σ direction and the Euclidean metric in the P -direction.
is a (Gromov) hyperbolic metric space. We shall now give a criterion for the existence of Cannon-Thurston maps between relatively hyperbolic spaces. Let X and Y be strongly hyperbolic relative to the collections H X and H Y respectively. Let i : Y → X be a weakly type-preserving proper embedding, i.e. for H Y ∈ H Y there exists H X ∈ H X such that i(H Y ) ⊂ H X and images of distinct elements of H Y lie in distinct elements of H X .
In the Lemma below, we specialize to the case where X, Y are convex simply connected complete hyperbolic manifolds with some disjoint (open) horoballs removed. H X and H Y will denote the resulting horospheres. 
We shall describe this informally as follows: If λ lies outside a large ball modulo horoballs then so does any geodesic in X joining its endpoints.
In [11] we proved the existence of Cannon-Thurston maps for Kleinian groups corresponding to pared manifolds whose boundary is incompressible away from cusps. Definition 1.12. A pared manifold is a pair (M, P ), where P ⊂ δM is a (possibly empty) 2-dimensional submanifold with boundary such that (1) the fundamental group of each component of P injects into the fundamental group of M (2) the fundamental group of each component of P contains an abelian subgroup of finite index.
is injective is homotopic rel boundary into P . (4) P contains every component of δM which has an abelian subgroup of finite index.
A pared manifold (M, P ) is said to have incompressible boundary if each component of
The following Theorem summarizes the main results of [28] , [29] , [10] , [11] . It proves the existence of Cannon-Thurston maps for Kleinian groups corresponding to pared manifolds whose boundary is incompressible away from cusps. It also describes the structure of these maps in terms of ending laminations. Theorem 1.13. [11] Suppose that N h ∈ H(M, P ) is a hyperbolic structure on a pared manifold (M, P ) with incompressible boundary. Let M gf denotes a geometrically finite hyperbolic structure adapted to (M, P ). Then the map i : M gf → N h extends continuously to the boundary ∂i : ∂ M gf → ∂ N h .
Let E be a degenerate end of N h and E a lift of E to N h . Then the ending lamination L E for the end E lifts to a lamination on M gf ∩ E. Each such lift L of the ending lamination of a degenerate end defines a relation R L on the (Gromov) hyperbolic boundary ∂ M gf given by aR L b iff a, b are end-points of a leaf of L. Let {R i } i be the entire collection of relations on ∂ M gf obtained this way. Let R be the transitive closure of the union i R i . Then ∂i(a) = ∂i(b) iff aRb.
Split Geometry

Split level Surfaces
A pants decomposition of a compact surface S, possibly with boundary, is a disjoint collection of 3-holed spheres P 1 , · · · , P n embedded in S such that S \ i P i is a disjoint collection of non-peripheral annuli in S, no two of which are homotopic.
Let N be the convex core of a hyperbolic 3-manifold minus an open neighborhood of the cusp(s). Then any end E of N is simply degenerate [1] , [14] , [7] and homeomorphic to S × [0, ∞), where S is a compact surface, possibly with boundary. A closed geodesic in an end E homeomorphic to S × [0, ∞) is unknotted if it is isotopic in E to a simple closed curve in S × {0} via the homeomorphism. A tube in an end E ⊂ N is a regular R−neighborhood N (γ, R) of an unknotted geodesic γ in E.
Let T denote a collection of disjoint, uniformly separated tubes in ends of N such that a) all Margulis tubes in E belong to T for all ends E of N . b) there exists ǫ 0 > 0 such that the injectivity radius injrad x (E) > ǫ 0 for all x ∈ E \ T ∈T Int(T ) and all ends E of N .
Let F : N → M be a bi-Lipschitz homeomorphism and let M (0) be the image of N \ T ∈T Int(T ) in M under the bi-Lipschitz homeomorphism F . Let ∂M (0) (resp. ∂M ) denote the boundary of M (0) (resp. M ). M will be called the model manifold. The metrics on M and M will be denoted by d M .
Let (Q, ∂Q) be the unique hyperbolic pair of pants such that each component of ∂Q has length one. Q will be called the standard pair of pants. An isometrically embedded copy of (Q, ∂Q) in (M (0), ∂M (0)) will be said to be flat.
Let S s i denote the union of the collection of flat pairs of pants in the image of the embedding S i .
The class of all topological embeddings from S to M that agree with a split level surface f associated to a pants decomposition
We define a partial order ≤ E on the collection of split level surfaces in an end E of M as follows:
A sequence S i of split level surfaces is said to exit an end E if i < j implies S i ≤ E S j and further for all compact subsets B ⊂ E, there exists L > 0 such that
Definition 2.2. A curve v in S ⊂ E is l-thin if the core curve of the Margulis tube T v (⊂ E ⊂ N ) has length less than or equal to l. A tube T ∈ T is l-thin if its core curve is l-thin. A tube T ∈ T is l-thick if it is not l-thin. A curve v is said to split a pair of split level surfaces S i and S j (i < j) if v occurs as a boundary curve of both S i and S j .
The collection of all l-thin tubes is denoted as T l . The union of all l-thick tubes with M (0) is denoted as M (l). 
3) f extends to an embedding (also denoted f ) of S into M such that the interior of each annulus component of
Note: The difference between a split level surface and a split surface is that the latter may contain bi-Lipschitz annuli in addition to flat pairs of pants.
We denote split surfaces by Σ i to distinguish them from split level surfaces S i . Let Σ s i denote the union of the collection of flat pairs of pants and bi-Lipschitz annuli in the image of the split surface (embedding) Σ i .
Theorem 2.5. Let N, M, M (0), S, F be as above and E an end of M . For any l less than the Margulis constant, let M (l) = {F (x) : injrad x (N ) ≥ l}. Fix a hyperbolic metric on S such that each component of ∂S is totally geodesic of length one (this is a normalization condition). There exist L 1 ≥ 1, ǫ 1 > 0, n ∈ N, and a sequence Σ i of L 1 -bi-Lipschitz, ǫ 1 -separated split surfaces exiting the end E of M such that for all i, one of the following occurs:
(1) An l-thin curve v splits the pair (Σ i , Σ i+1 ), i.e. v splits the associated split level surfaces (S i , S i+1 ), which in turn form an l-thin pair.
Finally, each l-thin curve in S splits at most n split level surfaces in the sequence
A model manifold M all of whose ends are equipped with a collection of exiting split surfaces satisfying the conclusions of Theorem 2.5 is said to be equipped with a weak split geometry structure.
Pairs of split surfaces satisfying Alternative (1) of Theorem 2.5 will be called an l-thin pair of split surfaces (or simply a thin pair if l is understood). Similarly, pairs of split surfaces satisfying Alternative (2) of Theorem 2.5 will be called an l-thick pair (or simply a thick pair) of split surfaces. 
will be called a split block. Equivalently, the closure of the union of the bounded components of 
equipped with the respective electric metrics. This follows from the last assertion of Theorem 2.5.
The electric metric on E( M , K ′ ) is called the graph-metric and is denoted by d G . The electric space will be denoted as ( M , d G ).
The electric metric on E( M , K T l ) is quasi-isometric to the electric metric on E( M , K ′ ), again by the last assertion of Theorem 2.5. The electric space will be denoted as (
For X a split component in a manifold, define CH(X) = F (CH(Y )), where CH(Y ) is the convex hull of Y in N , provided the ends of N have no cusps, i.e. N = N h . Else define CH(X) to be the image under F of CH(Y ) minus cusps. Further, in order to ensure hyperbolicity of the universal cover, we partially electrocute the cusps of M (cf. Theorem 1.8).
Then ∆-graph quasiconvexity of X is equivalent to the condition that dia
induced by the inclusion is injective. Lemma 2.10, Proposition 2.11 and Proposition 2.12 below were proved in [28] for M homotopy equivalent to a surface, where all split components are automatically incompressible. However the proofs in [28] require only that the split components be incompressible in M .
Lemma 2.10. Let E be a simply degenerate end of a hyperbolic 3-manifold N equipped with a weak split geometry model M . For K an incompressible split component contained in E, letK be a lift to N . Then there exists C 0 = C 0 (K) such that the convex hull ofK minus cusps lies in a C 0 -neighborhood ofK in N .
Lemma 2.13. Let M be the a model of split geometry such that all split components are incompressible. Then
Proof. Let K ′ be an extended split component in K ′ and K ′ denote its universal cover. Let K ′ = K T i where T i are the universal covers of l-thin Margulis tubes abutting the split component K in K ′ . Suppose K ⊂ B i the i-th split block in an end E.
Then K ′ is hyperbolic and contained in a C(i)-neighborhood of K. The argument is now a reprise of similar arguments in Section 6 of [28] .
Hence for all i, there exists
The converse direction is similar.
We summarize the conclusions of the above propositions below.
Definition 2.14. A model manifold of weak split geometry is said to be of split geometry if
(1) Each split component K is quasiconvex (not necessarily uniformly) in the hyperbolic metric on N .
(2) Equip M with the graph-metric d G obtained by electrocuting (extended) split components K. Then the convex hull CH( K) of any split component K has uniformly bounded diameter in the metric d G .
Hence by Lemma 2.10 and Proposition 2.11 we have the following.
Theorem 2.15. Any degenerate end of a hyperbolic 3-manifold is bi-Lipschitz homeomorphic to a Minsky model and hence to a model of split geometry.
Free Groups and Finitely Generated Kleinian Groups
Let G be a free geometrically infinite Kleinian group. Agol [1] , and independently, Gabai and Calegari [14] have shown that N = H 3 /G is topologically tame, and hence, by work of Canary [7] , geometrically tame. Then any manifold M biLipschitz to N is homeomorphic to the interior of a handlebody with boundary S.
More generally, let G be a finitely generated Kleinian group and G f be a geometrically finite Kleinian group, abstractly isomorphic to G via a type-preserving isomorphism. Let H denote the convex core of H 3 /G f and let M be bi-Lipschitz homeomorphic to N = H 3 /G. Then there is a natural identification i : H → M of H with the augmented Scott core (i.e. Scott core plus parabolics) of M . Let i indicate the lift of i to the universal cover. For most of the discussion below, it might be helpful at a first reading to have in mind a free geometrically infinite Kleinian group without parabolics. We fix this notation for H, M, S throughout this section.
3.1. The Masur Domain. Definition 3.1. Let E be an end of a hyperbolic manifold such that E is homeomorphic to S × [0, ∞) for S a finite area hyperbolic surface. A map h : E → S × [0, ∞) is said to be type-preserving, if all and only the cusps of E are mapped to cusps of S × [0, ∞).
Let G be a finitely generated Kleinian group and M = H 3 /G. Let H denote an augmented Scott core of M . Let E 1 be a geometrically infinite end of M \ H. Then E 1 is homeomorphic (via a type-preserving homeomorphism) to a topological product S × [0, ∞) for a hyperbolic surface S of finite area. Further, there exists a neighborhood E of the end corresponding to E 1 such that E is bi-Lipschitz homeomorphic to a Minsky model for S × [0, ∞) and hence to a model of split geometry.
The last part of the last statement follows from Theorem 2.15. Some ambiguity remains in the statement of Theorem 3.2 above. This lies in the choice of the ending lamination for E used to build the Minsky model. Since i : S ⊂ E is type-preserving, no parabolic element of S bounds a compressing disk.
Let ML(S) be the space of measured laminations. Let D(S) be the subset of ML(S) consisting of weighted unions of disjoint meridians (i.e. boundaries of compression disks lying on S). Let cl(D(S)) denote the closure of D(S). Define the Masur domain of S by MD(S) = {λ ∈ ML(S) : i(λ, µ) > 0} for all µ ∈ cl(D(S)), provided S has at least two disjoint isotopy classes of compressing disks.
Else, we define MD(S) = {λ ∈ ML(S) : i(λ, µ) > 0 for any µ that is disjoint from a compressing disk } Now, let M = H ∪ i E i , where H is an augmented Scott core. Let S = H ∩ E be one of the boundary components of H. Let M od 0 (S) denote the subgroup of the mapping class group of S generated by Dehn twists along essential simple closed curves that bound embedded disks in H. As is customary, a prefix P will indicate projectivization. M od 0 (S) acts on PML(S). It was shown by Otal [33] (see also McCarthy and Papadopoulos [20] ) that under this action, M od 0 (S) acts properly discontinuously on PMD(S)(⊂ PML(S)) with limit set P cl(D(S))(⊂ PML(S)).
The ending lamination is well-defined up to the action of M od 0 (S) (see [7] ).
Theorem 3.3. [7]
For any finitely generated Kleinian group, the ending lamination λ facing a surface S with a compressing disk lies in the Masur Domain.
For our purposes we shall mostly be satisfied with the fact that E is bi-Lipschitz homeomorphic to some Minsky model, and hence, by Theorem 3.2.
3.2. Incompressibility of Split Components. We would like to show that sufficiently deep within an end E, all split components are incompressible in M . Recall that splitting tubes correspond to thin Margulis tubes in the split geometry model built from the Minsky model.
Equip E with a split geometry structure. Then there exists E 2 ⊂ E such that (1) E 2 is homeomorphic to S ×[0, ∞) by a type-preserving homeomorphism and consists of a union of blocks and tubes from the split geometry model for E. (2) All split components of E 2 are incompressible, i.e. if K is a split component of E 2 , then the inclusion i : K → M induces an injective map i * :
Proof: Suppose not. Then there exists a sequence of split components K i exiting the end E such that i * :
By the Loop Theorem (see for instance, Hempel [15] ), there exist simple closed curves σ i ⊂ S i such that σ i bound embedded topological disks in H. Hence σ i ∈ D(S). Let T i be a splitting tube bounding K i . Then T i has a core curve α i , which in turn corresponds to a simple closed curve on S. It follows that d CC (α i , D(S)) = 1, where d CC denotes distance in the curve-complex. Since any such sequence of curves α i converges to the ending lamination λ corresponding to the end E, it follows that λ ∈ cl(D(S)) and hence cannot lie in the Masur domain. This contradicts Theorem 3.3. The proposition follows. ✷ As an immediate consequence we have the following.
is geometrically finite (Schottky, in the absence of parabolics).
Proof. Follows from Lemma 2.10.
Proof. Follows from Proposition 2.11.
Proof. Follows from Proposition 2.12.
3.3. Constructing Quasidisks. The construction in this subsection may be regarded as a graph-metrized coarse analogue of an unpublished construction due to Miyachi [27] (see also Souto [34] ). The main technical difference between Miyachi's construction and ours is that Miyachi constructs continuous images of disks that actually separate the universal cover M , whereas we only construct quasidisks. As a consequence it becomes technically more difficult for us to prove that quasidisks coarsely separate. This is why we need a special family of paths which we shall call 'admissible paths' in the next subsection which either intersect or come close to the quasidisks we construct below. We choose a collection of essential simple closed curves
is either a ball or has incompressible boundary (rel. cusps). Also assume that σ i are geodesics in the intrinsic metric on S. Next, let E be described as a union of contiguous blocks B k , where each B k is either a split block, or a thick block.
Further, let ∂B k = S k−1 ∪ S k with S k the upper boundary and S k−1 the lower boundary. Also let S = S 0 and σ i = σ i0 . Let σ ik be the shortest closed curve in the split metric on S k (i.e. in the pseudometric obtained by electrocuting annular intersections of splitting Margulis tubes with the split level surface
Further, by construction of split blocks,
Hence, given p ∈ λ i the sequence of points x n , n ∈ N ∪ {0} with x i = p gives by Lemma 3.8 above, a quasigeodesic in the d G -metric. Such quasigeodesics shall be referred to as d G -quasigeodesic rays.
After projecting E to M \ H we have the following conclusion.
Lemma 3.9. There exists C ≥ 0 such that for all k there exists B k satisfying the following:
For all x ik ∈ σ ik there exists
The following Corollary will turn out to be quite useful.
Corollary 3.10. There exists C ≥ 0 such that for all k and all x ik ∈ σ ik there exists q ∈ σ i0 and a sequence of points p = x ik , · · · , x i0 = q which is a quasigeodesic in ( M , d G ).
Proof. By construction of split blocks,
Hence, given p ∈ σ ik the sequence of points p = x ik , · · · , x i0 gives by Lemma 3.9 above, a quasigeodesic in the d G -metric lying entirely on A i joining p to a point q ∈ D i .
We can choose a point z i ∈ D i (quite arbitrarily) and extend any quasigeodesic constructed as above by adding on a path from q to z i lying entirely in D i and having uniformly bounded length (This can be done easily as D i has bounded diameter. )
Proof: By Lemma 3.9 and Corollary 3.10 above, it follows that there exist K ≥ 1 such that for any two points p 1 , p 2 in A j there exist K-quasi-geodesics γ 1 , γ 2 to z j .
By Proposition 3.7 we also have that ( M , d G ) is hyperbolic. Hence any geodesic α i (i = 1, 2) joining p i to z j lies in some K 1 neighborhood of γ i . Further, by hyperbolicity of ( M ,
The quasidisks constructed above have the following property.
Lemma 3.12. Let M be a model manifold of split geometry. Let Q be a Scott core of M and {D i } a maximal collection of compressing disks in Q. Then there exists a function Θ : N → N satisfying Θ(n) → ∞ as n → ∞ such that for all o ∈ Q the following holds. Let D be a lift of one of the D i 's to M and let A be the quasidisk in M constructed from D as above.
Proof. By Lemma 3.9 and Corollary 3.10, there exists
. Choosing Θ(n) to be the largest value of k such that kǫ 0 ≤ n−c k we are done.
3.4. Reduction Lemma and Admissible Paths. Before we get into the proof of the existence of Cannon-Thurston maps, we recall some material from Section 6 of [28] that will help streamline the proof.
The next Lemma allows us to apply the criterion for existence of CannonThurston maps in Lemmas 1.10and 1.11 to electro-ambient quasigeodesics in M rather than hyperbolic geodesics in N . Lemma 3.13 below is a paraphrasing of what Lemmas 6.8 and 6.9 of [28] prove. Lemma 3.13. [28] Let N be the convex core of a complete hyperbolic 3−manifold N h minus a neighborhood of the cusps. Equip each degenerate end with a split geometry structure such that each split component is incompressible. Let M be the resulting model of split geometry and F : N → M be the bi-Lipschitz homeomorphism between the two. Let F be a lift of F to the universal covers. Then for all C 0 > 0, and o ∈ N there exists a function Θ : N → N satisfying Θ(n) → ∞ as n → ∞ such that the following holds. For any a, b ∈ N ⊂ N h , let λ h be the hyperbolic geodesic in N h joining them and let λ 
Proof. By Lemma 3.12 there exists z ∈ D, a function Θ 0 : N → N satisfying Θ 0 (n) → ∞ as n → ∞ and electro-ambient quasigeodesics
Then by Lemma 3.13 there exists a function Θ
Let δ > 0 be such that all geodesic triangles in
Admissible Quasigeodesics
We shall need a collection of paths consisting of horizontal and vertical segments approximating electro-ambient quasigeodesics. We shall call these admissible quasigeodesics. Let M be a model manifold each of whose ends is equipped with a split geometry structure such that all split components are incompressible. Recall that each thick block and each split block in M is homeomorphic to a product Σ s i ×I. We fix such a product structure for each block. Let t i = sup{length({x} × I) : x ∈ Σ s i } be the thickness of the i−th block.
Recall that F : N → M is a bi-Lipschitz homeomorphism from a hyperbolic manifold N (minus cusps) to M and let F denote its lift to the universal cover.
An elementary admissible path in M is one of the following:
(1) A 'horizontal' geodesic in the intrinsic path metric on some lift Σ s i of a split surface to M . 
Further, for each K, β adm ∩ K is a union of elementary admissible paths with disjoint interiors such that (1) β adm ∩ K has at most one vertical path of type (2) above.
(2) for any connected horizontal boundary component Σ s 0 of K, β ∩ Σ s 0 has at most one 'horizontal' geodesic of type (1) above.
Finally for each B ∈ B, β adm ∩ B is the admissible quasigeodesic corresponding to β ea ∩ B in B.
The next Lemma allows us to apply the criterion for existence of CannonThurston maps in Lemma 1.10 to admissible quasigeodesics in M rather than electro-ambient quasigeodesics in M . The proof of Lemma 3.17 is exactly like Lemma 6.5 of [28] and we omit it here (see also the proof of Lemma 2.13 above). Then
3.5. Cannon-Thurston Maps for Free Groups. We identify H with its biLipschitz image in M under the bi-Lipschitz homeomorphism F : N → M from the hyperbolic manifold N to the model manifold M .
We now want to show that if λ = [a, b] is a geodesic in the intrinsic metric on H joining a, b ∈ H, and lying outside a large ball about a fixed reference point p ∈ H ⊂ M , then the (bi-Lipschitz) hyperbolic geodesic λ h joining a, b ∈ M also lies outside a large ball about p in M . This would guarantee the existence of a Cannon-Thurston Map by Lemma 1.10.
To fix notation, let F be a free Kleinian group without parabolics. Let M = H 3 /G and H a compact (Scott) core of M . H with its intrinsic metric is quasiisometric to the Cayley graph Γ F and so its intrinsic boundary may be identified with the Cantor set ∂F thought of as the Gromov boundary of Γ F . Let H and M denote the compactifications by adjoining ∂F and the limit set Λ F to H and M respectively. Let α be an electro-ambient quasigeodesic joining the end-points of λ in M and β be an admissible quasigeodesic corresponding to α.
Since β is admissible, it consists of horizontal and vertical pieces. Two cases arise:
Roughly speaking Cases (a) and (b) correspond respectively to the cases where β does not or does intersect A coarsely. Case a: β ∩ M H ⊂ M + By Corollary 3.14 and Lemma 3.17 it suffices to show that there exists a function Θ : N → N satisfying Θ(n) → ∞ as n → ∞ such that the following holds.
The existence of such a function Θ : N → N follows exactly as in Lemma 3.12. Case b: β ∩ M + ∩ M − = ∅ We shall say that β crosses A at x if either x ∈ β ∩ A, or if there exists a vertical elementary admissible subpath x × I ⊂ β, such that either (x, 0) ∈ M + and (x, 1) ∈ M − or (x, 1) ∈ M + and (x, 0) ∈ M − .
Let r, q be the first and last points at which β crosses A. Let β ar , β qb be the subpaths of β joining a, r and b, q respectively. Then again, as in Case (a) above, there exists a function Θ : N → N satisfying Θ(n) → ∞ as n → ∞ such that
Hence by Corollary 3.14 and Lemma 3.17 it follows that there exists a function Θ 2 :
, where µ ar (resp. µ qb ) are the (bi-Lipschitz) hyperbolic geodesics in M joining a, r and b, q respectively.
If r, q ∈ A, then by Corollary 3.15, there exists a function Θ 3 :
where µ rq is the (bi-Lipschitz) hyperbolic geodesic in M joining r and q. Hence by δ−hyperbolicity of M , d M (µ ab , p) ≥ min(Θ 2 (n), Θ 3 (n)) − 2δ and we are done.
Else, let r ∈ Σ s i and q ∈ Σ s j . There exist
Then, again as in the proof of Lemma 3.12, there exists a function
, where µ r1q1 is the (bi-Lipschitz) hyperbolic geodesic in M joining r 1 and q 1 . Hence by δ−hyperbolicity of M again, d M (µ ab , p) ≥ min(Θ 2 (n), Θ 4 (n)) − 2δ and we are through.
3.6. Finitely Generated Kleinian Groups. In this subsection, we indicate the modifications necessary in the previous subsection to prove the analogous theorem for finitely generated Kleinian groups.
Let N gf denote the augmented Scott core of Else H may be decomposed as the disk-connected sum of H 1 , H 2 · · · H m+1 for manifolds H i where at most one of the H i 's is a handlebody without any parabolics (taken to be H 1 without loss of generality) and the rest are pared manifolds with incompressible boundary. If one of the H i 's (say H 1 ) is a handlebody, then we choose a maximal collection of disjoint non-separating compressing disks in H 1 whose complement in H 1 is a ball. Let D i , i = 1 · · · m denote all the compressing disks thus obtained. Since m ≥ 1, there is at least one compressing disk. Proof: From Propositions 3.4, 3.7 and 3.11, we can construct quasidisks A i corresponding to D i as before and lift them to M (after partially electrocuting Z-cusps if any). Now, let λ be a geodesic segment in H lying outside a large ball B N (p) for a fixed reference point p. λ may be decomposed into (at most) three pieces λ − , λ 0 and λ + as follows. Case B: There is (up to subsequencing) a fixed disk D i that is the last disk that [p, q] intersects. Since D i is of uniformly bounded diameter, we may shift our base point to a point p ′ in the component H i which is the lift of H i 'on the other side of' D i , i.e. having D i on its boundary but not containing p. In this case, there exists a fixed n 0 such that λ lies outside B (n−n0) (p ′ ). By shifting origin, we rewrite p ′ as p and (n − n 0 ) as n.
Step 1: Now, λ 0 ⊂ H i ⊂ H as it does not meet any disk D i in its interior. Since H i is either a handlebody without parabolics, or a pared manifold with incompressible boundary, then by Theorem 3.18 or Theorem 1.13 respectively, a Cannon-Thurston map exists for the inclusion H i ⊂ M . By (the necessity part of) Lemma 1.10 and Lemma 1.11, it follows that the hyperbolic geodesic λ 0h joining the end-points of λ 0 in N h lies outside a large ball about p. Thus, there exists m 1 (n) → ∞ as n → ∞ such that λ 0h lies outside a ball of radius m 1 (n) about p in N h .
Step 2: If λ + (or λ − ) is non-empty, then λ − (or λ + ) is separated from p by a disk
Recall that M is a bi-Lipschitz model for N , which in trun is N h with cusps removed. Also recall that d G is the graph metric on M . Then the quasidisk A i is quasiconvex in ( M , d G ) and lies outside a large ball of radius m 2 (n) about p, where m 2 (n) → ∞ as n → ∞. Again, by constructing admissible paths and electroambient quasigeodesics as in the proof of Theorem 3.18, we obtain a new function m 3 (n) such that m 3 (n) → ∞ as n → ∞ and so that the hyperbolic geodesics λ −h or λ +h lie outside a ball of radius m 3 (N ) about p in N h .
Step 3: Therefore λ −h ∪λ 0h ∪λ +h lies outside a ball of radius m 4 (n) = min{m 1 (n), m 3 (n)}. Finally, since N h is hyperbolic, the hyperbolic geodesic λ h joining the end-points of λ lies outside a ball of radius m(n) = m 4 (n) − 2δ about p. Also, m(n) → ∞ as n → ∞. Therefore, by Lemma 1.10 or 1.11, it follows that the inclusion i : H → M extends continuously to a mapî : H → M or equivalently that i : N gf → N h extends continuously to a mapî : N gf → N h . This concludes the proof. ✷ Let G F denote the Floyd compactification of a group G (See [13] ). McMullen conjectured in [22] that there exists a continuous extension of i : Γ G → M to a map from G F to M . It was shown by Floyd in [13] that there is a continuous map from G F to H. Combining this with Theorem 3.19 above for Kleinian groups with parabolics, we get a proof of the following. 
Point pre-images of the Cannon-Thurston Map
In this section, we determine the pre-images of points under the Cannon-Thurston map for degenerate free Kleinian groups G. The results are extended to arbitrary finitely generated Kleinian groups. We shall not have need to distinguish between the hyperbolic manifold and its bi-Lipschitz model any longer and will denote the manifold by M .
We set up some notation for the purposes of this section. Let G be a free degenerate Kleinian group without parabolics. Suppose that G is not geometrically finite. Let M = H 3 /G be the quotient manifold. Note that the limit set of G is all of the sphere at infinity. Hence M is its own convex core. Let H be a compact core of M . H is a handlebody whose inclusion into M induces a homotopy equivalence. In fact, M deformation retracts onto H. Then H is embedded in M = H 3 . Let Γ denote the Cayley graph of G with respect to some finite generating set of G. Assume that Γ is embedded in H. Let S denote the boundary surface of H. We assume that the ending lamination Λ EL is a geodesic lamination on S equipped with some (any) hyperbolic metric. This is well-defined up to Dehn twists along simple closed curves in S that bound disks in H. To avoid this ambiguity we will refer to the ending lamination in the Masur domain as Λ ELH . M \ Int(H) is homeomorphic to S × [0, ∞) and is bi-Lipschitz homeomorphic to an end M S of a simply degenerate hyperbolic manifold without accidental parabolics [4] [5] . Thus S ×[0, ∞) ⊂ N equipped with its intrinsic path metric is bi-lipschitz homeomorphic to M S . We shall have need to pass interchangeably between these two below.
4.1. EL leaves are CT leaves. Let i : H → M denote the inclusion. Let ∂i denote the continuous extension of i to the boundary in Theorem 3.18. Note that the inclusion of Γ into H with its intrinsic metric is a quasi-isometry. So we might as well replace the inclusion of Γ into N by that of H into N . We shall show that point pre-images under ∂i correspond to end-points of leaves of an ending lamination in the Masur domain.
The inclusion of S into H as its boundary induces a surjection of fundamental groups with infinitely generated kernel N . Let S N denote the cover of S corresponding to N . Then S N ⊂ H ⊂ M .
To distinguish between the ending lamination Λ ELH (in the Masur domain) and bi-infinite geodesics whose end-points are identified by ∂i, we make the following definition. Definition 4.1. A CT leaf λ CT is a bi-infinite geodesic whose end-points are identified by ∂i. An EL leaf λ EL is a bi-infinite geodesic whose end-points are ideal boundary points of either a leaf of the ending lamination, or a complementary ideal polygon.
We shall show that • An EL leaf is an CT leaf.
• A CT leaf is an EL leaf. Proposition 4.2. EL is CT Let G be a free degenerate Kleinian group without parabolics. Let u, v be either ideal end-points of a leaf of an ending lamination of G, or ideal boundary points of a complementary ideal polygon. Then ∂i(u) = ∂i(v).
Proof: This is almost identical to Proposition 2.1 of [29] . However, since the setup is somewhat different we include a proof. Take a sequence of short geodesics s i exiting the end. Let a i be geodesics in the intrinsic metric on the boundary S (of H) freely homotopic to s i . By topological tameness [1] [14] and geometric tameness ( [37] Ch. 9) we may assume further that a i 's are simple closed curves on S. Join a i to s i by the shortest geodesic t i in S × [0, ∞) connecting the two curves. Then the collection a i may be chosen to converge to the ending lamination on S ([37] Ch. 9). Also, in S N ⊂ H ⊂ M , we obtain segments a i ⊂ S which are finite segments whose end-points are identified by the covering map P :
We also assume that P is injective restricted to the interior of a i 's mapping to a i . Similarly there exist segments s i ⊂ M which are finite segments whose end-points are identified by the covering map P : M → M . We also assume that P is injective restricted to the interior of s i 's. The finite segments s i and a i are chosen in such a way that there exist lifts t 1i , t 2i , joining end-points of a i to corresponding endpoints of s i . The union of these four pieces looks like a trapezium (see below, where we have omitted subscripts for convenience). a s t t
Figure: Trapezium
Next, given any leaf λ of the ending lamination, we may choose translates of the finite segments a i (under the action of π 1 (H)) appropriately, such that they converge to λ in S N . For each a i , let
where t −1 2i denotes t 2i with orientation reversed. If the translates of a i we are considering have end-points lying outside large balls around a fixed reference point p ∈ S N , it is easy to check that b i 's lie outside large balls about p in M . Since H 3 is δ-hyperbolic for some δ > 0, it follows that the geodesic joining the end-points of b i (and hence a i which has the same end-points) lies in a 2δ− neighborhood of b i .
At this stage we invoke the existence theorem for Cannon-Thurston maps, Theorem 3.18. Since a i 's converge to λ and the hyperbolic geodesics joining the endpoints of a i exit all compact sets, it follows that ∂i(u) = ∂i(v), where u, v denote the boundary points of λ. The Proposition follows. ✷ Any finitely generated Kleinian group is geometrically tame ([1] [14] [37] Ch. 9) and has finitely many ends. Observe that the proof of the above Proposition used the freeness of G only at the stage of applying Theorem 3.18. The same proof goes through verbatim for freely decomposable Kleinian groups with degenerate ends. The only modification to the above proof is that we consider one end of the manifold M at a time (and the pigeon-hole principle) along with Theorem 3.19 in place of Theorem 3.18 to obtain the following Proposition. Proposition 4.3. EL is CT -General Case Let G be a finitely generated freely decomposable Kleinian group. Let u, v be either ideal end-points of a leaf of an ending lamination of G, or ideal boundary points of a complementary ideal polygon. Then ∂i(u) = ∂i(v).
4.2.
CT leaves are EL leaves. As usual we deal first with free degenerate groups without parabolics. We restate Theorem 1.13 in a form that we shall use. Recall that M \Int(H) is homeomorphic to S ×[0, ∞) and is bi-Lipschitz homeomorphic to an end M S of a simply degenerate hyperbolic manifold without accidental parabolics [4] [5] . Hence by Theorem 1.13 we have the following. Isotoping a k b k slightly, we can assume without loss of generality that it meets Γ ⊂ M only at its end-points (since Γ is one dimensional). We can further isotope a k b k rel. endpoints by a bounded amount (depending on the Hausdorff distance between H and Γ ⊂ H) such that 
Since G is free, we can assume that its Cayley graph is a tree and (since H is quasi-isometric to Γ) [ Note that in the proof of Theorem 4.5 we have used freeness of G to conclude only two things: 1) The manifold M has exactly one end.
2) The path λ in H can be isotoped off the Cayley graph of G embedded in H.
To prove an analogue of Theorem 4.5 for arbitrary finitely generated Kleinian groups we continue with the notation that M is a hyperbolic manifold with augmented Scott core H. Then M has finitely many ends. We first note, that if λ = (a ∞ , b ∞ ) is a CT leaf then there exist a n → a ∞ and b n → b ∞ such that the geodesic realizations µ n of [a n , b n ] in M leave arbitrarily large compact sets. We may assume that M \ H consists of lifts of the ends of M to M . If µ n intersects more than one such lift, it follows that there will be a subsegment ν n of µ n such that 1) ν n is contained entirely in one of these lifts of the ends 2) Endpoints c n , d n of ν n lie on H 3) c n → a ∞ and d n → b ∞ We may therefore assume without loss of generality that µ n lies in precisely one of the lifts of the ends E of M . If S h = H ∩ E be its boundary then the ending lamination lies in the boundary of the (relatively) hyperbolic group j * (π 1 (S h )) (hyperbolic relative to the cusp groups if any), where j : S h → M is inclusion. Fact (2) now goes through for arbitrary finitely generated Kleinian groups, as the inclusion of the augmented Scott core into M is a homotopy equivalence (in fact a deformation retract) and we are only interested in leaves which are limits of segments whose geodesic realizations lie inside the lift of a fixed end.
With this modification, and with Theorem 3.19 in place, the proof of Theorem 4.5 goes through for arbitrary finitely generated Kleinian groups. However, since we have to pick one end of the manifold at a time, the statement is a bit more involved.
Theorem 4.6. Let G be a finitely generated Kleinian group. Let i : Γ G → H 3 be the natural identification of a Cayley graph of G with the orbit of a point in H 3 . Then i extends continuously to a mapî : Γ G → D 3 , where Γ G denotes the (relative) hyperbolic compactification of Γ G . Let ∂i denote the restriction ofî to the boundary
Applications and Extensions
In this section we shall first mention a couple of applications of the main Theorems of this paper. Finally we indicate an extension of the Sullivan-McMullen dictionary between complex dynamics and Kleinian groups. 5.1. Primitive Stable Representations. In [24] Minsky introduced and studied primitive stable representations, an open set of P Sl 2 (C) characters of a nonabelian free group, on which the action of the outer automorphism group is properly discontinuous, and which is strictly larger than the set of discrete, faithful convexcocompact (i.e. Schottky) characters.
In [24] Minsky also conjectured that A discrete faithful representation of F is primitive-stable if and only if every component of the ending lamination is blocking.
Using the structure of the Cannon-Thurston map for handlebody groups, Jeon and Kim [17] have made considerable progress towards this conjecture. The connection between the Cannon-Thurston map for handlebody groups and primitive stable representations was indicated to the author by Yair Minsky in a personal communication.
We briefly sketch Jeon and Kim's argument for a degenerate free Kleinian group without parabolics. Let F be a free group of rank n. An element of F is called primitive if it is an element of a free generating set. Let P denote the set of biinfinite paths w * obtained by iterating cyclically reduced primitive elements. A representationρ : F → P Sl 2 (C) is primitive stable if it maps elements of P to uniform quasigeodesics in H 3 . Let {D 1 , · · · , D k } = ∆ be a system of disjoint non-separating compressing disks on a handlebody H cutting H into a 3-ball. A free generating set of F is dual to such a system. For a lamination Λ, the Whitehead graph W h(Λ, ∆) is defined as follows. Cut H along ∆ to obtain a planar surface partialH with 2n boundary components, each labeled by D [17] show following [24] that for the ending lamination Λ E of a degenerate free group without parabolics, W h(Λ E , ∆) is connected and has no cutpoints.
Let ρ E be the associated representation. If ρ is not primitive stable, then there exists a sequence of primitive cyclically reduced elements w n such that ρ(w * n ) is not an n− quasi-geodesic. After passing to a subsequence, w n and hence w * n converges to a bi-infinite geodesic w ∞ in the Cayley graph with two distinct end points w + , w − in the Gromov boundary of F . The Cannon-Thurston map identifies w + , w − . Hence by Theorem 4.5 they are either the end points of a leaf of the ending lamination or ideal points of a complementary ideal polygon. Hence W h(w ∞ , ∆) is connected and has no cutpoints. It follows that W h(w n , ∆) is connected and has no cutpoints for sufficiently large n. It follows from a Lemma due to Whitehead that w n cannot be primitive for large n, a contradiction.
Discreteness of Commensurators.
In [19] and [31] , the main results of this paper are used to prove that commensurators of finitely generated, infinite covolume, Zariski dense Kleinian groups are discrete. The proof proceeds by showing that commensurators preserve the structure of point pre-images of CannonThurston maps.
Extending the Sullivan-McMullen Dictionary.
A celebrated theorem of Yoccoz in Complex Dynamics (see Hubbard [16] , or Milnor [23] ) proves the local connectivity of certain Julia sets using a technique called 'puzzle pieces', which consists of a decomposition of a complex domain into pieces each of which under iteration by a quadratic map converges to a single point. The dynamical system can then be regarded as a semigroup Z + of transformations acting on a complex domain.
Split components can be regarded as a 3-dimensional analogue of puzzle pieces. Let us try to justify this analogy. Suppose there is a group G acting cocompactly on H 3 . Let H ⊂ G be a subgroup. Let G/H denote the coset space. Then what we would want as the right analogue is that if one takes a sequence of elements g i going to infinity in the coset space, the iterates of the convex hull of the limit set of H converge to a point in the limit sphere. Thus going to infinity in the coset space G/H would be the right Kleinian groups analogue of going to infinity in the semigroup Z + of transformations acting on a complex domain.
In the context of this paper, H would be the fundamental group of a split component. However, for us G is a surface Kleinian group and does not act cocompactly on H 3 . We think of the quotient space H 3 /H as parametrizing the set of normal directions to the split component. The graph metric gives a combinatorial distance on H 3 /H and we think of (H 3 /H, d G ) as the analogue of the semigroup Z + . Thus, instead of going to infinity by iteration in the semigroup Z + , we go to infinity in the graph metric. Further, the analogue of the requirement that iterates go to infinity, is that the visual diameter goes to zero as we move to infinity in the graph metric. This is ensured by hyperbolic quasiconvexity, and also follows easily from graph quasiconvexity. Note that graph quasiconvexity is a statement that gives uniform shrinking of visual diameter to zero as one goes to infinity.
Thus we extend the Sullivan-McMullen dictionary (see [36] , [21] ) between Kleinian groups and complex dynamics by suggesting the following analogy:
(1) Puzzle pieces are analogous to split components (2) Convergence to a point under iteration is analogous to graph quasiconvexity One issue that gets clarified by the above analogy is a point raised by McMullen in [22] . McMullen indicates that though the Julia set J(P θ ), where
need not be locally connected in general by a result of Sullivan [35] , the limit sets of punctured torus groups are nevertheless locally connected. Local connectivity of Julia sets would therefore not be the right analogue of local connectivity of limit sets in this setup. Instead we look at the techniques for proving local connectivity of limit sets vis-a-vis the techniques for proving local connectivity of Julia sets. Thus, by proposing the analogy between puzzle pieces and split components as above, this issue is to an extent clarified. In short, the analogy is in the technique rather than in the result.
An analogue of the Z + dynamical system may also be extracted from the split geometry model. Note that each block corresponds to a splitting of the surface group, and hence an action on a tree. As i → ∞, the split blocks B s i and hence the induced splittings also go to infinity, converging to a free action of the surface group on an R-tree dual to the ending lamination. Thus iteration of the quadratic function corresponds to taking a sequence of splittings of the surface group converging to a (particular) action on an R-tree.
Problem: The building of the Minsky model and its bi-Lipschitz equivalence to a hyperbolic manifold [25] [6] gives rise to a speculation that there should be a purely combinatorial way of doing much of the work. Bowditch's rendering [3] , [4] of the Minsky, Brock-Canary-Minsky results is a step in this direction. This paper brings out the possibility that the whole thing should be do-able purely in terms of actions on trees. Of course there is an action of the surface group on a tree dual to a pants decomposition. So we do have a starting point. However, one ought to be able to give a purely combinatorial description, ab initio, in terms of a sequence of actions of surface groups on trees converging to an action on an R-tree. This would open up the possibility of extending these results (including those of this paper) to other hyperbolic groups with infinite automorphism groups, notably free groups.
